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ABSTRACT

This paper formulates a dynamic model of global carbon consumption in the
absence of an effective international agreement. Each period, countries extract carbon
from the global ecosystem. A country’s output depends both on its carbon usage and
on the ecosystem (“stored carbon”). The desired mix of extracted versus stored
carbon by each country is determined by its stochastically evolving factor elasticities.

We characterize Business-as-usual (BAU) equilibria as smooth, Markov Perfect
equilibrium profiles of carbon usage across countries. A BAU equilibrium is shown to
generate lower aggregate output and higher carbon use each period than the socially
efficient path, although some countries might actually use less carbon under BAU.
We characterize properties of tipping points, threshold levels of stored carbon stocks
below which the global commons collapses, spiraling downward toward a steady state
of marginal sustainability. We show that if the profile of carbon factor elasticities
reaches a high enough threshold, a tipping point will be breached. Even in this
case, there remains a time span (a “negotiation window”) in which a collapse may be
averted if the countries agree to implement the efficient profile of carbon usage.
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1 Introduction

Human consumption is based on carbon usage. The resulting increases in anthro-
pogenic GHGs alarm scientists and policy experts, many of whom focus attention on
finding an effective international response to limit carbon emissions.

This paper formulates a dynamic model of global carbon consumption in the
absence of such a response. Our objective is to understand the strategic incentives of
nation states in a “business-as-usual” (or “BAU” from here on) scenario. What are
the long run implications of BAU? How does it compare with socially efficient usage?
Are some countries hurt more than others? Are outcomes under BAU sustainable
or is economic collapse inevitable? What determines the transition, if any, from
sustainability to collapse?

To makes sense of the last few questions in particular, our model integrates a
strategic model of emissions into a nonlinear dynamic model of carbon. A key feature
of this model is that consumption and economic output may collapse and shrink if a
key state variable falls below some critical threshold — a tipping point.

Tipping points are commonly discussed and modeled in the earth science litera-
ture, a sample of which includes Lenton, et al. (2008), Kerr (2008), Rockstrom, et al.
(2009), and Anderies, et al. (2013). Most of these posit nonlinear dynamical systems
that describe a safe operating spaces (SOS) for humanity, i.e., levels of methane and
C'O, concentrations, degrees of biodiversity, and so on,... that sustain levels of activ-
ity consistent with innovation, growth and development. Tipping points are typically
described as the boundaries of these regions. Rockstrom et al. (2009) employ the
term planetary boundaries to describe these constraints.

These earth science models typically contain a very detailed accounting of the
different forms of carbon mass, but do not model human incentives explicitly. By
contrast, the present paper posits a much simpler physical model of carbon. We
abstract, for instance, from complicated marine-atmospheric diffusion processes and
plant photosynthesis and respiration. The upside is that the model offers a rich and
tractable characterization of incentives.

Our particular focus on strategic incentives of nations also distinguishes our work
from the burgeoning literature that integrates GE economies with tipping models of
climate dynamics. These include TAMs (integrated assessment models) of Nordhaus
(2006, 2007, 2008) and Lemoine and Traeger (2014), Hope (2006), Stern (2006), and
Cai, Judd, and Lontzek (2012), all of whom incorporate the possibility of abrupt
changes in the earth’s climate and eco-system.?

le.g., IPCC Fourth Assessment Report: Climate Change 2007.
2See also Krusell and Smith (2009), Acemoglu et al. (2012), and Golosov et al. (2014) for useful



A study of the incentives of state actors is, to us, a sensible addition to the IAM
literature since the most critical policy choices are made by large, powerful nations
with divergent interests. For this reason, a business-as-usual setting is likely to be
more complex than is suggested by an atomistic market with clearly defined property
rights and well functioning contract enforcement.?

We posit a model in which each country produces a composite consumption good
for its citizens. Production depends both on a carbon-based input and on the re-
newable ecosystem. The ecosystem is an open access source of stored carbon from
which countries can freely extract. Hence, while carbon extraction is essential for
production, its aggregate extraction depletes an ecosystem that is also essential to
the production process. Some preservation of the ecosystem and its repository of
stored carbon is, therefore, beneficial for purely economic reasons.

The carbon dynamics in the model distinguish only between emitted and “stored”
(non-atmospheric) carbon. The latter is summarized by a carbon resource stock
w; at each date t representing all usable sources of non-atmospheric carbon in the
global ecosystem. The stock w; may be thought of as known reserves of “stored” or
“preserved” carbon in fossils, soil, or biomass. Once extracted, carbon is used in the
production process and emitted into the atmosphere. The simple distinction between
stored and emitted carbon is the basis for all dynamic changes in the model.

As both stored and extracted carbon are used in the production processes of
all countries, each country’s desired mix of the two carbon sources is determined
by its relative output elasticities. Countries with relatively high output elasticities of
extracted carbon prefer to extract more than countries with low elasticities. The elas-
ticities are assumed to evolve stochastically, and the country-specific shocks to these
may be serially correlated. This assumption captures a common feature in studies
of climate change: both environmental costs and factor composition vary over time,
are difficult to forecast, and often vary widely across countries. Heterogeneity reflects
variation in geographic, demographic, and politico-economic influences. Burke, et.
al. (2011) find, for example, widely varying estimates of the effect of climate change
on US agriculture when climate model uncertainty is taken into account. Desmet and
Rossi-Hansberg (2014) document substantial cross country variation in a calibrated
model of spatial differences in welfare losses across countries due to global warming.

A business-as-usual (BAU) equilibrium is a smooth Markov Perfect equilibrium
profile of carbon usage across countries. The two key state variables in the BAU

quantitive assessments of carbon taxation and cap and trade policies.

3See also Calcutt and Petkov (2012) and Harrison and Lagunoff (2014) for analyses of mechanism
design problems in international environmental agreements.

4Climate change is one potential side effect of depletion, although ours is not a paper about
climate change per se.



model are the carbon stock w; and the profile of country-specific carbon elasticities.

Though the dynamics of our model, with the inclusion of tipping points, are quite
different, the present framework builds on the classic common pool framework of
Levhari and Mirman (LM) (1980). Related work includes Cave (1987), Dutta and
Sundaram (1993), Sorger (1996), Finus (2001), Barrett (2003), Dutta and Radner
(2004, 2006, 2009), and Battaglini and Harstad (2012), all of whom examine strategic
incentives in dynamic games with a commons or with climate externalities. The
definition of the BAU equilibrium here largely coincides with one used in this literature
(e.g., Dutta and Radner (2009)). The over-depletion problem in the present model
echoes the “tragedy of the commons” theme running through these models.

The next section (Section 2) analyzes a benchmark case in which residual carbon
stock grows or decays at a fixed rate. Section 3 then introduces a tipping model
of carbon cycle dynamics. The results in Section 3 characterize threshold levels of
stored carbon stocks in equilibrium that delineate safe operating spaces (SOS — in the
sense of Rockstrom, et al. (2009)) from states in which collapse is possible. Regions
of state space in which collapse is possible may, in turn, be delineated from those in
which collapse is inevitable. In terms of carbon the stock, w;, these regions are shown
schematically below.

uncertain collapse,
collapse unsafe operating space safe operating space

wtip wsafe

A number of recent versions of IAMs (Cai, et al. (2012) and Lemoine and Traeger
(2014)), have adopted dynamic programming methodologies to calculate time consis-
tent mitigation policies in the presence of tipping. We also use dynamic programming
techniques, in this case to solve for BAU equilibria. We find parametric configura-
tions to support both SOS and collapse, although the historical pattern suggests a
troubling trend toward the latter. Our results show the following:

e The BAU equilibrium generates lower aggregate output and higher carbon use
each period than the path chosen by a socially efficient planner, although some
countries might actually use less carbon under BAU. The difference, moreover,
between BAU and the socially efficient path of carbon usage grows through
time.

e A global economy in a BAU equilibrium can remain in SOS if elasticities of
carbon usage remain low.



e However, if over time the carbon factor elasticities become large enough, the
BAU equilibrium will eventually breach a tipping point, precipitating a collapse.

It is worth noting that under BAU, output is not monotone in carbon usage.
Countries with either very high or very low carbon factor elasticities have larger
output than those with intermediate elasticities. This means that even as the global
commons reaches a tipping point, the leading carbon emitters are not the first to
suffer consequences of the decline. As the threshold tipping stock is breached, we
show that countries will accelerate their rates of extraction under BAU rather than
slow them down. This is because once a collapse becomes inevitable, the marginal
continuation value of preserving the carbon stock eventually vanishes.

The results underscore the idea that while the proximate cause of tipping is the
depletion of the carbon stocks (or, equivalently, accretion of atmospheric carbon), the
“deeper” parameters that drive the tipping and collapse are technological: the factor
elasticities that determine the mix of extracted and stored carbon.

Finally, we show that collapse may in some instances be avoided, but only if the
international community moves away from its business-as-usual regime. Specifically:

e Even if the tipping point is breached, there remains a time span (a “negotiation
window” ) in which a collapse may be averted if the countries agree to implement
planner’s solution.

The upshot is that an effective international agreement provides an additional buffer
against large shocks to the carbon stock. This suggests a somewhat more optimistic
scenario than the other results. This is clearly contingent, however, on whether coun-
tries can coordinate on an international agreement, a mined topic in the literature.’

2 The Baseline Model without Tipping

2.1 An Overview

This section lays out a rudimentary baseline model of carbon usage. The model
consists of an infinite horizon global economy with n countries. Each country makes

5See, for instance, Finus (2001), Barrett (2003), Calcott and Petkov (2012), and Harrison and
Lagunoff (2014).



use of an essential resource — carbon — each period. Carbon is extracted from an
open access, carbon-based commons which we refer to as the “global ecosystem.”®

The framework is loosely based the classic common pool model of Levhari and
Mirman (LM) (1980). Each period, identical users in the LM model choose how
much of a depletable, open access resource to consume. Examples include fisheries
or forestry. There are no direct costs or externalities from usage. Conservation is
therefore valued in LM only for instrumental reasons: preserving the stock allows one
to smooth consumption.

The present study modifies the classic model by adding the renewable ecosystem
into each country’s production technology and by further introducing heterogeneous
shocks that affect each countries desired mix of productive inputs. In Section 3, we
add a nonlinear tipping component into the carbon dynamic.

In the baseline model of this section, however, there are no tipping points, and
no threat of environmental catastrophe. Later, we modify the model to allow these
possibilities.

2.2 Consumption and Dynamics of the Carbon Stock

Countries make inter-temporal strategic decisions regarding how much carbon to ex-
tract and use. Country i’s (¢ = 1,...,n) carbon extraction in date t is denoted by c;.
Let C; = ), ¢y represent the level of global carbon consumption at ¢. Consumption
of C} units of carbon produces C; units of emissions, and so the two terms are some-
times used interchangeably. The global consumption C} is consumed from a stock w;
that represents all usable sources of non-atmospheric carbon in the global ecosystem.
The stock w; may be thought of as known reserves of “stored” or ”preserved” carbon
in fossils, soil, or biomass. Once extracted, carbon is emitted into the atmosphere.
The simple distinction between stored and released carbon forms the basis for all
dynamic changes in the model.

The ecosystem evolves over time according to dynamic law of motion
wir1 = Alwy — Cy)7 (1)

with the initial stock fixed at some level wy. We assume that v < 1 allowing for
depreciation (e.g., plant respiration) if the stock is large enough, while A > 1 allows
for accumulation due to the natural process of reabsorption (e.g., photosynethesis).

6Strictly speaking fossil fuels extracted from the geosphere are not part of the ecosystem. Their
extraction, however, passes through and may upset the ecosystem and, consequently, the term
“global ecosystem” is used to represent all forms of “stored” (non-atmospheric) carbon.



When C; = 0, there is no human consumption in which case the law of motion in (1)
is globally stable as it balances the dynamic forces of release and recapture of carbon
through sequestration. Indeed, generalizing the model to allow for a time-varying
ergodic process {A;}, the evolution of the stock in (1) then produces a stable carbon
cycle.”

The law of motion in (1) is not intended as a literal description of earth’s carbon
processes but rather as a tractable way to model dynamic trade offs of a climate
externality. We later generalize (1) by introducing a non convexity in the carbon
dynamic in order to discuss tipping points, environmental collapse and other features
that focus on the potential instabilities of a business-as-usual equilibrium in the global
carbon commons. We refer to the dynamic in (1) as the baseline model. Despite its
simplicity, the baseline model will be shown to produce a rich set of equilibrium
ecosystem dynamics.

Let ¢; = (cy¢ - - ., ¢nt) denote the date t profile of resource consumption (and emis-
sions). The entire dynamic path profile of resource consumption is the given by
c = {ci}i

A path c is feasible if it is consistent with the dynamic constraint (1) and Cy < w; at
each date t.

Each country maximizes the payoff of its representative citizen,
Z &' log i (2)
t

where y;; is a composite output consumed by the representative consumer from coun-
try ¢ at date t. All countries discount the future according to d. A transversality
condition entails a joint restriction Ady < 1.

The production of y; depends on both extracted carbon and the carbon-based
global ecosystem according to the production technology

yir = it (wy — Cy) 70, (3)

In (3), 0, € [0,1] is the output elasticity of extracted carbon, while 1 — 6 is the
output elasticity of the global ecosystem net of aggregate consumption. Countries
with larger 0; in date t will typically extract and emit more carbon, other things
equal.

"An even richer model would allow A to depend on the existing stock. For tractability, however,
we assume it is fixed and exogenous.



This formulation accounts for the fact that all countries” economies have carbon re-
quirements, but production also requires that country draw upon a viable eco-system.
The relative elasticities vary both over time and between countries, the latter reflect-
ing the fact that both benefits and costs of extraction differ across countries. Warmer
average temperatures resulting from GHG emissions are viewed differently in Green-
land than in Sub-saharan Africa. Time variation comes from the fact that countries
may be hit with serially correlated shocks. The shocks capture the unpredictability
of technological change and the persistence of climatic change within each country.

A type profile in date t is a vector
Qt - (01t7 92t7 s 70it7 s Qnt)u

and is publicly observed at the beginning of each period ¢t. Let ' = {6,01,...,0:}
be the history of realized type profiles up to and including date ¢, and let

0 = {6o,01,...,0; ...}
the infinite time path of elasticity profiles.

Fixing the initial profile 6y, the profile 6; is assumed to evolve according to a sta-
tionary, though not necessarily ergodic, Markov process F'(6;|0;_1). In what follows,
“almost everywhere” will refer to the paths #°° in the probability space (0%, F, P)
such that F' is the Markov kernel associated with a filtration {F;} on the space
(0>, F,P). We allow for F' to exhibit both persistence across time and correlation
of carbon elasticities across countries.

2.3 The Business-As-Usual Equilibrium

In any period, the state of the global economy is summarized the pair (wy,6;) con-
sisting of the ecosystem and the elasticity profile. A Markov-contingent plan is a
profile

C*(wt, Qt) = (CT((A}t, Qt), e ,C:;(wt, Qt))

that specifies each country’s usage ¢} (wy, 0;) as a function of the state (wy, 0;).

Using equation (3), the payoff of a Markov-contingent plan ¢* to the representative
citizen in country ¢ may be expressed as

o0

Uiwe ¢, 00) = E |3 670 log (¢} (wr. 0;) ) + (1 = i) log (wr — C*(w,, 6) )]\ o)
T=t
(4)



A Markov Perfect equilibrium (MPE) is a Subgame Perfect equilibrium in which
each country’s strategy is a Markov-contingent plan.® The MPE is often considered to
be the “ business-as-usual” benchmark since it is arguably the most natural scenario
that prevails in the absence of any agreement among the participants. The MPE
requires no special coordination, no monitoring beyond the initial quota, and no
explicit sanctions.

We further restrict attention to smooth MPE, that is, Markov-contingent plans
that are both Subgame Perfect and smooth functions of the state (almost everywhere).
This restriction rules out certain MPE that use discontinuities in the state to create
triggers on which participants can tacitly coordinate. From here on, we refer to any
smooth MPE as a Business-as-usual (BAU) equilibrium.

In any BAU equilibrium, country i’s Markov-contingent plan ¢} (wy, 6;) must max-
imize its long run payoff from date ¢, given the carbon dynamic (1) and production
technology (3), and given any past history of consumption and elasticity profiles.

By incorporating the production technology in (9) directly into the long run payoff
for country ¢, the Markov contingent consumption ¢ (wy, 6;) may be found as a solution
to the Bellman equation

Ui(wm c, eit) = max {eit log c;y + (1 - 6it> 10%(% — Ct) + 0 E [Ui(wt+17 c, 6it+1)

Cit

()

after for every state (wy, ;).

To calculate the MPE it is simpler to work with extraction rates rather than
levels. The extraction rate ey is therefore defined implicitly by ¢; = eyw;. Denote
the global extraction rate by & = ). e;. Using extraction rates rather than levels,
the corresponding Euler equation for each country 7 is

@ B (1 —0y) N 5[0E[Ui(wt+1aea0it+1) Oi) Oyt

8wt+1 aeit] =0

with Ot _ —Ayw] (1 =&)L
dejy

8Two clarifications are useful here. First, in the MPE each country’s Markov-contingent plan
¢ maximizes U;(c*,we,0;+) given ¢, in any state (we,0;:) over the set of full history-contingent
consumption plans. For brevity, we omit the specification of full history contingent strategies.
Second, payoffs corresponding to infeasible paths must be formally defined as well. For our purposes,
the simplest approach is to define the payoff on the extended real line, setting flow payoffs equal to
—oo whenever Cy > w;.

Wt 9it:| }



A unique stationary solution to the Euler equation for country i is given by:®

0a(1-&) _ (1—6y) =

e m Z:172,...,n (6)

With minor algebra, we obtain a unique BAU equilibrium in extraction rates:

it > 4(&)
<1n¢it) 5 and g*(wt7 et) _ J i_¢]t¢_t
(D 1) L+ (S, 12

where ¢;; = 0;:(1— Avd). Country i’s consumption/emissions in the BAU equilibrium
is increasing in its resource elasticity and decreasing in the effective discount factor
Ad~y. Its emissions also vary with the global elasticity profile, decreasing in extraction
rates 0, j # i. of other countries. Appendix 5.1 contains a detailed derivation.

6: (wtv ‘gt) -

(7)

For a point of reference, the BAU equilibrium extraction rates in (7) generalize the
“Fish War” equilibria of Levhari and Mirman (1980). In the LM model, production
depends only on the extracted resource, whereas here it depends on both extracted
and stored resources.!”

In a straightforward way, the extraction rates in (7) correspond to BAU equilib-
rium carbon levels in the following result.

Proposition 1 There is a unique Business-as-usual equilibrium c* described by country-
specific and aggregate carbon consumption

Pit Z” . Pit
1—-¢it * J=1 1-¢ut
C;‘k<wt76t> = Wt Y and C (wtaet) = Wy FYva) (8)
1+ Z?:l 1—th 1+ qulzl 1—th

and composite consumption y; by country i is convex in 0;, ceteris parabis.

The Proposition follows directly from (7) which, in turn, is derived in Appendix
5.1. We omit the details here.

9See Appendix 5.1 for an explicit derivation.

10To see this, observe that if A =1 and 6;; = 1 for all i and all ¢ as in the Levhari-Mirman (LM)
model, then the indirect preferences reduce to payoffs in their model. In that case our extraction
rates corresponds precisely to those in the LM. Namely, ¢;; = (1 — ~¢) for all ¢ and ¢, and

1—AvyS
o* (9 _ 1) _ (1&(1_,’17)5)) _ (1 - A’V(S)
* 1+ {42300 n(l = Aqd) + Ayd
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Figure 1: Stable carbon cycle on two profiles, w® and w®.

Using BAU equilibrium carbon levels in (8) an equilibrium consumption is given
by
Y (we 00) = (¢ (we )" (wr — C*(wr, 0,))' (9)

and the law of motion for the carbon stock is given by
wipy(we, 0) = Alwy — Cf (W, 0,))" = Aw/ (1 = E7(6,))" (10)

The BAU equilibrium law of motion (10) determines how the global commons adjusts
over time to changes in the stock and in the elasticity profile. The law of motion in (10)
converges to a stationary, ergodic process on the carbon stock. The resulting carbon
cycle is illustrated in a particularly simple case. Consider a two-state stationary,
irreducible Markov process on the two bounds 6 and 6 with p denoting the switching
probability between the two. Figure 1 displays a literal cycle when p = 1, that
is, when the process alternates deterministically between @ and 6. The equilibrium
dynamic then cycles between carbon stocks, w® and w®.

For a continuous Markov kernel, the carbon cycle is a limit distribution defined on
a subset [w,w] of the carbon space. Figure 2 illustrates a range of laws of motion as
0, varies on a limit set defined by extremal profiles § = (6,...,6) and 6 = (6, ...,0).
Starting from any initial state (wq, ), the process converges to a limit distribution
on stocks lying between the two fixed points w = (A(1 — £*(8))")Y/0=") and w =
(A1 = &(@)M)Ht=.

10
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Figure 2: Equilibrium dynamic on carbon stocks as 6 varies on its support.

From Equation (10), the BAU equilibrium path of carbon stocks can be computed
recursively from wy, i.e.,

W (wo, 0°) = wi(wo, B), w(wo, %) = wi(wi(wo, 00),01), ..., w(wy,b)=---
(11)
Hence, w; = w*(wy, #") is the equilibrium stock achieved at ¢ starting from stock wy
and given the realized history 6" of elasticity profiles. Similarly, one can compute
carbon consumption and composite output paths, y*(wp, 6") and ¢**(wy, 6'), respec-
tively.

11



A Numerical Illustration. To illustrate further, the BAU equilibrium time path
may be calibrated using historical data for carbon consumption of the five currently
largest CO4 emitters: China, U.S.A., India, Russian Federation and Japan. These five
have arguably the largest strategic influence on global carbon usage. For each of these
countries we use data from the World Bank for the period between 1980 and 2009, of
its emission of CO, per capita and population.!! Using the data and parameters set
to the following numerical values below, we back out the corresponding time path of
carbon stocks and elasticities.

Parameter Value
¢ : discount factor 0.9615
wp: initial stock of resource 50 xCY

v: rate of depreciation in the stock 0.99999
A: stock reabsorbtion factor 1.03

Here, wy is set at the estimated oil reserves in 1980. Parameters v and A were
selected so that the net effect of depreciation/reabsorbtion process is increasing.

Figure 3 presents the calibrated BAU time path of output elasticities for carbon
usage for the top two emitters, China and the U.S. The path suggests that China
followed a more carbon-dependent technology over the last decade, while the U.S.
displays a decreasing dependence. Before that, the U.S. has been the more intensive
user of carbon (relative to the ecosystem).

A simple observation (see Equation 44 in Appendix 5.4) shows that in the BAU
equilibrium, higher carbon consumption is associated with countries with higher ex-
traction elasticities. Moreover, ceteris paribus, the bigger the carbon stock w; the
lower the output needed to generate a given consumption level in the BAU equilib-
rium.

Proposition 1 also establishes the convexity of y; in 6;. Hence, composite con-
sumption is first decreasing in #;; starting from very low elasticities, reaching some
minimum output corresponding to an elasticity 0 after which point output increases
0;;. This is displayed in Figure 4. Hence, countries with either very high or very low
resource elasticities have larger consumption. Convexity also makes clear why revers-
ing course is problematic: starting from a high elasticity 6;;, as a country’s carbon
footprint recedes, output must initially fall before growth is possible again.

"Data for Russian Federation before 1992 is assumed equal to per capita emissions of the USSR.

12
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From (10), country i’s growth rate may be computed as

Yie = Yie1 (w;“(wt_l, 9t—1)) (e7(02))% (1 — £*(6,))" " 1
i wi (€ (Ben)) " (1= E5(Bi))
From the right-hand side, country i’s growth consists of the product of an aggre-
gate component w;/w;_; determining the general global trend, and an idiosyncratic
component relating to changes in a country’s carbon intensity. Starting then from a
common intermediate elasticity above 0 in Fig. 4, countries receiving larger shocks
to their #; grow more quickly. Consequently, growth in the carbon stock leads to a

broad positive trend in global growth, but countries with increasing carbon utilization
accelerate faster.

2.4 Comparison with Efficient Carbon Usage

In this section we compare the BAU equilibrium to the optimal plan chosen by a
utilitarian social planner. A Markov contingent plan, denoted here by ¢°(w;, 6;) =

(A (we, 0r), ... 0 (wy, 0y)), is said to be optimal if it solves the planner’s problem
max E ZZ 5" log yir w0,90] subject to (1) and (3). (12)
i=1 =0

Using the production technology in (1) to calculate an indirect payoff for each
country, a solution ¢® must solve the Bellman’s equation

ZUi(meO;eit) =
i=1

max {eit logcit + (1 — 6;)log(wy — Cy) + § E [Uj(thrla c®,6;111)

CO
t i=1

o)

(13)

Working, as before, with extraction rates e;; rather than levels, the corresponding
Euler equation for country ¢’s optimal contribution to the planner’s solution is

Oy~ (= 03) +i5[aE[Uj(MH’eﬂth) €l Qo) _ g
G (1—&) = Qw11 dew =
with O = —Ayw](1 — &)"'. Notice that the planner internalizes the effect
Cit

of country i’s extraction rate e; on the global ecosystem that, in turn, affects all

14



countries” welfare. Equation (14) has a stationary solution (see Appendix 5.2 for
details):
0::(1 =& - nAdy
bull =&) 5~ gy = AT
€it = (1 — Ad)
Since the equation is stationary, the optimal extraction rates will be as well. Solving
for the optimal extraction rate yields,

Bi(1 — Ao . 0.,(1— Ays
e(0i) = % and £°(0,) = Z%, (15)
J

As expected, each country’s carbon emission is increasing in its resource elasticity,
and decreasing in the effective discount factor Advy. Recalling the notation ¢ =
0;:(1 — A~9), we have the following result.

Proposition 2 The optimal contingent carbon profile c® is given by
¢; (we, Oi) = %Wt (16)

for each country 1.

Note that unlike the BAU equilibrium, the optimal plan for country i depends
only on its own elasticity 6;;, not those of other countries.

Equation (16) determines aggregate carbon usage C°(w;, ;) = >, %tw, and
composite consumption

Yir(wn, O) = (& (wr, )" (wr = C°(wr, 0))" "
for each ¢. The optimal law of motion for carbon is
w§+1(wt, Qt) == A(Cdt — Co(wt, 6)13))'y == sz(l - 50(015))7. (17)
As with the BAU, the socially optimal profile ¢® induces an equilibrium path of
carbon stock w®!(wp, 8"), an aggregate carbon consumption C°*(wp, #*), and compos-

ite consumption y°*(wp, 6"). The comparison between the BAU equilibrium and the
socially optimal plan is summarized in the proposition below.

Proposition 3 Given BAU equilibrium c* and optimal plan c°, and for any state
(wtv 925)7
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1. C*(wt,et) > Co<wt70t>7

2. For each country i, and each profile 0_; of others’ elasticities, there exists a
cutoff carbon elasticity 0; € [0, 0] such that for any stock w;, and in any date t,

i (Wi, 03, 0-3) > (>) flwe, 0i) if O > (>) 0, and‘
cf(wr, O, 0-3) < (<) (wi,0i) if O < (<) 0;, and

3. along any path of realized carbon elasticity profiles 6%, the relative differences

ot t ot t
. ey y9 *(wo,0%) . c ¥(wo,0%)
between efficient and equilibrium output Vw000 carbon consumption (w00

t(w()’

o gt . .
and carbon stock wt—t) all increase in t.
w*t(wo,Ht)

The proof is in the Appendix. The Proposition demonstrates that the BAU equi-
librium is always characterized by aggregate over-extraction.

Significantly, however, individual countries may over- or under extract in the
BAU equilibrium depending on their resource elasticity. High intensity carbon users
over-extract in the BAU while low intensity users may actually extract less than in
the efficient plan. The possibility of under-extraction in a Markov equilibrium is
unusual but not unheard of. Dutta and Sundaram (1993) show this possibility in
a LM resource model. Heterogeneity plays a key role in the present model since
under-extraction by low intensity carbon users occurs as a compensating response to
massive over-extraction by the high intensity users. Low intensity users never fully
compensate, however, since over-extraction always occurs in the aggregate.

A consequence of the Proposition is that the BAU equilibrium transition w; ; (w, 6;)
on the carbon stock is lower than its efficient counterpart for every realized 6,. This
is illustrated in Figure 5. The first figure, displays two realized transition paths, one
corresponding to the efficient extraction while the other corresponding to the BAU
equilibrium. The second figure displays the entire supports of the transition paths,
showing that efficient support first order stochastically dominates the BAU support.
The difference is, in fact, increasing as asserted in part 3 of the Proposition. Conse-
quently, inefficient carbon extraction at the global level has a cumulative effect over
time. Individual output, carbon consumption, and carbon stock shrinks in the BAU
equilibrium relative to that of the efficient plan.
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3 A Tipping Model

In the baseline model thus far the equilibrium dynamics globally converge to a sta-
tionary distribution on both output and carbon stock. This section introduces the
following non-concavity into the law of motion for carbon. The carbon stock can
grow over time only if it exceeds a “recapture threshold” b > 0, and the natural
sequestration process will build up the stock back up to b if the stock falls below the
threshold. Expressed formally,

max{b, A(Wt — Ct — b)’?} Zf Wy — Ct 2 b
W41 = (18)

b otherwise

The original model was a special case where b = 0. The specification in (18) is
a simple heuristic that exhibits the property that the carbon-based ecosystem may
collapse and shrink if the stock falls below some critical carbon threshold — a tipping
point — that is determined in part by the recapture threshold 6. The threshold
describes an “environmental poverty trap” since a stock that reaches b remains stuck
at b forever.

This is seen clearly in Figure 6. The Figure illustrates the dynamic in (18) for two
cases, one with and one without human consumption (as given by the constant C;
in the Figure). In each of these two cases there are three fixed points, one of which
is unstable. The unstable fixed points determine the tipping point. In particular, if
there are no shocks, i.e., if 6; remains fixed for all time, then the tipping points are
precisely the unstable fixed points in Equation (18).}? In the general case where the
path 6% is stochastic, the tipping points (which we later define formally in Section
3.3) are boundaries of the support of an equilibrium distribution on carbon stocks.

The dynamic in (18) is not intended to be a literal description of an earth system.
It nevertheless captures what Cai, et al. (2012) argue are two critical features that
should be included in any reasonable representation of tipping. Namely, “(i) a fully
stochastic formulation of abrupt changes, and (ii) a representation of the irreversibil-
ity” of the collapse.’®> The max operator in (18) forces the process to a low but
finite steady state b whenever the carbon stock falls below a critical “tipping” point.
The fact that the steady state b is independent of human activity is roughly consis-
tent with simulations by Hansen et. al (2013), demonstrating a “soft” or “low-end”

12This is roughly consistent with tipping in the planetary boundary models of Rockstrom, et al.
(2009) and Anderies, et al. (2013). It differs, however, in the sense that the fixed points in our
model are endogenous. Hence, tipping is defined in reference to a particular equilibrium model of
human behavior.

13Cai, Judd, and Lontzek (2012. p.2). In our case, (i) will come indirectly from dependence of
the carbon profile ¢; in equilibrium on the stochastically generated factor elasticities.

18



45°
Without human consumption
With human consumption

Wi+1

b b+ Cy Wi

Figure 6: Carbon dynamics with and without human carbon consumption

runaway greenhouse effect. Specifically, their simulations “indicate that no plausible
human-made GHG forcing can cause an instability and runaway greenhouse effect” in
which extreme, amplified feedbacks fully dissipate the stored carbon stock and evap-
orate all planetary surface water — as believed to have happened on Venus.!* Our
specification also avoids the dilemma created in the benchmark case of b = 0 where
full depletion yields a payoff to each country of —oo, a payoff that could associated
with human extinction.

3.1 BAU Equilibrium in the Tipping Model

As before equilibria may be defined in terms of extraction rates rather than levels.
Consequently, a BAU equilibrium in the tipping model is a Markov Perfect equilibrium
profile ef(wy, 0;;0), i =1,...,n, t =0,1,.... As before, the BAU equilibrium solves a
system of Euler equations. The derivation in this case, however, is more complicated.

Define the indicator function 17, ¢, taking value 17, o\ = 1if A(w,(1-&)—0)" >
b and taking value zero otherwise. The indicator registers a value of “1” whenever

4Part 7 in Hansen et. al. (2013).
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the recapture constraint has slack. The Euler equation is then given by

Oi(1 — &) B
T
Wt(l - 5t) 0it+1(1 - 5t+1) * *
o7 { (wt(l — 5t) - b) {1 h [( €it41 a (1 B eitﬂ) 1{wt+1’€t+1} W Oae 1{%’&}

(19)

A complete derivation of (19) is contained in Appendix 5.5. Equation (19) equates
country ¢’s marginal flow benefit of extraction with its marginal future cost. Equation
(19) coincides with the original BAU Euler equation (14) in the benchmark model
whenever b = 0. Generally, the equation system in (19) yields no closed form solution.
Instead we show:

Proposition 4 There is a Business-as-usual equilibrium c* described by country-
specific extraction rates e} (0, wy;b), i = 1,...,n that are implicit functions of the
forward solutions to (19), and are expressed by

0/ (G*(wy, 0, 0) + 1 — 6)

e (wy, 03 b) = 20
Z( bt ) 1+Z 9]t/< (wtaeh )+1_0jt) ( )
for each country i, where
G*(wt,et, b) =
> T *t+s(w 0t+s)(1 _ g*(wt et . b))
E S (A6y) Qe oo Tt 1t 0
;( V) HO (w*t+3(wt,9t+s)(1 & (Wrpe e D) — b)) L} [T

(21)

(where we adopt the convention in (21) that w* (wy, 0") = w;).

See Appendix 5.5 for the full derivation. Here, G*(w, 6;,b), is the marginal future
cost — the loss in expected discounted future payoffs — to country ¢ from extracting

more today. Using Eq. (6) from the benchmark model, observe that when b = 0,
G*(wb etv O) = 11_457

Ady”

As in the benchmark model, one may compare the BAU equilibrium to the socially
efficient rate extraction rate. The latter may be derived from the planner’s Euler
equation and expressed as

Ot
n(l + GO(Wt, 01&7 b) )

&7 (we, 04 b) = (22)
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where

Go(wt, Qt, b) =

E

i(ACSV)TH ; Wiy (we, 07°) (1 — E€°(wigs, br4es3 b)) 1?(w £2, )}
o \wWiys(wr, 077%) (1 = E°(wips, Oris5 b)) — b SRR

gta wt] .

(23)

7=0

The social marginal cost G° differs from the private marginal cost G* in that it
is evaluated at the socially efficient forward extraction rates &£, s = 1,2,.... One
can verify that the social marginal cost is higher, and that the comparison between
the BAU equilibrium and the socially optimal carbon plan in Proposition 3 remains
valid in the tipping model.’®> Namely, aggregate usage is higher in the BAU, though
not uniformly so.

3.2 BAU Incentives in the Tipping Model

Two polar cases illustrate how the equilibrium incentives are affected by the recapture
threshold b.

Suppose first that the initial stock wy is sufficiently large so that along the BAU
path there is no danger of the stock reaching its low steady state of b. Formally, this
means 1?%7&} = 1 with probability one in all periods ¢. The presence of the threshold
b in the dynamic w; 11 = A(w; — Cy — b)7 increases the marginal future cost of current
extraction, and so e (w, 04 0) < €5 (wy, 04; 0).

Next, suppose that the stock converges to the steady state b with certainty. This
0wyt

occurs when, say, 1’Ewt ey = 0 in the current period ¢. But this means =0, in
’ €it

other words, the country’s marginal future cost of extraction is zero. Since current

extraction rates do not affect future stocks, each country therefore solves a one period

static problem. Each country solves its static first order condition

O  1—0y _

€it 1— (C/'t

corresponding to the case where discount factors are 0. Country ¢’s BAU equilibrium
extraction then coincides with its one-shot optimal extraction rate: e}(wy,6;;b) =

15 Although, the threshold type at which a country over-extracts in BAU equilibrium relative to
the planner’s problem is generally different.
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1—6;¢ 1-0;:
constraint holds or will hold with high probability in the near future, countries have
little to lose by extracting as much as possible for the present.

—1
Out (1 +>; L ) . It follows that e} (wy, 0;;b) > €} (wy, 0;;0). Hence, if recapture

Taken together, the two polar cases can be summarized as follows: the presence of
a recapture threshold b reduces the incentives to over-extract, but only when the threat
of actually reaching it is low. Of course, the likelihood of reaching the threshold is
endogenous. Even so, there are realized values of the elasticity path profile in which
the threshold will be reached regardless of any one country’s unilateral conservation
efforts.

Ultimately, the question of how likely the threshold is reached is a question about
tipping points, which we define in the next section. There, we show that the logic
illustrated by these polar cases is broadly representative of the trade offs faced by
countries in the tipping model.

3.3 Tipping Points and Collapse

The global commons in a BAU equilibrium will be said to collapse under BAU at
stock wy , if the equilibrium path of carbon stock, {w*'} converges to b for almost
every path 0> of factor profiles.!® Formally, the commons collapses at wq if

lim w**(wy,0") = b a.e 6%
t—ro0

More generally, let
plwo) = Prob ({6 : Jim w*'(wo, 0) = b})
— 00
denoting the probability of collapse. Since in a collapsing commons the stock spirals

downward toward threshold b, a tipping point is the largest stock from which the
collapse must occur. Specifically, a tipping point is a carbon stock w!™® satisfying

W' = sup{wp : the commons under BAU collapses at wp}
= sup{wo: p(wo) =1}.

By these definitions, if the global commons collapses at every initial stock, then the
tipping point is infinite.

16Recall that the equilibrium path {w*!} is defined recursively — see Eq. 11.
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The tipping point can be distinguished from a carbon threshold above which exists
a safe operating space for humanity, in the sense of Rockstrom et. al. (2009). In the
present model, the global commons under BAU is in a safe operating space at wy if
lim w*(wp, 0) > W' a.e. 0%
t—o0

This leads naturally to a notion of a safe operating bound, defined as a carbon stock
wele satisfying

safe

w = inf{w : the commons under BAU is in a safe operating space at wp}.

= inf{wo: u(wy) = 0}.
Proposition 5 Suppose that wy > b. Then pu(wy) is weakly decreasing in wy.

The proof is in the Appendix. By the Proposition, it follows that ws/¢ > !
with strict inequality if w*®/¢ is finite and F' is non-degenerate. In particular, if there
is no variation in 6, i.e., if , is constant over all ¢, then w**¢ = w'P. If the interval
(WP w*€) is nonempty, then it consists of stocks that are neither safe nor collapsing.
Rather, in this interval tipping is stochastically determined by the evolution of factor
elasticities. The various regions are delineated below.

uncertain collapse,
collapse unsafe operating space safe operating space

wtzp wsafe

Consider, as an example a stationary Markov process on the two profiles {6',6"}.
Suppose that either profile can be reached from the other every period with positive
probability. There are two possibilities. FEither the carbon dynamic has a finite
tipping point or it does not. The case of a finite tipping point is displayed in Figure
7. Since the equilibrium carbon dynamic for both stocks has fixed points, the tipping
point w!® corresponds to the lowest unstable fix point. From any stock strictly larger
than w', the process can avoid collapse with positive probability. In particular, if it
reaches stock w**/¢, then the commons is guaranteed to avoid collapse, thus defining
the safe operating space (SOS) described in the planetary boundaries literature of
Rockstrom et. al (2009), Anderies et. al. (2013), and others.

The case where the tipping “point” is infinite is displayed in Figure 8. In this
case the parameters generate certain collapse. Specifically, from any stock w and any
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initial profile, for any time length 7', there is a date ¢t at which the process will remain
“stuck” at 6" for T periods starting from ¢. Since this occurs at infinitely many ¢, then
for T sufficiently long the commons will eventually collapse from w with probability
one. The delineation of space of carbon stocks is, in this case, quite stark as seen
below.

collapse  (W'P = w*/¢ = o0)

S

Applying the BAU characterization in Proposition 4 and the logic of Section 3.2,
we obtain

Proposition 6 Given the tipping model with threshold b,

1. For any stock w > w*¥¢ and for each country i, e}(w,0;,b) < el (w,b;,0).

2. There exists a stock & < w'P such that for all w < @ and each i, e}(w,0;,b) >
6: (CL), etu O) :

Hence, in the safe operating space, the presence of a tipping threshold b induces
lower extraction than would be the cased without the threshold. However, there is
some region below the tipping point such that the presence of a tipping threshold b
induces higher extraction than would be the cased without the threshold. The proof
is a straightforward application of the logic of Section 3.2.

3.4 Reaching a Tipping Point

Our main result identifies parameter configurations under which an economy will
collapse, and configurations under which tipping points exist.

Theorem 1 Suppose that [0,0] = [0,1]. Then:

1. There ezists an integer n' and a scalar € > 0 such that if n > n' and if, for
almost every 6%,

/ dFy(0:|00) > € for all but finitely many t, (24)
9,56(1—6,1]"

then the global commons under BAU collapses at every wy.
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2. There exists € > 0 such that if, for almost every 6>,
Qt S [0,€]n Vit (25)

then the global commons has a finite tipping point w™.

Part 1 asserts that if there are sufficiently many countries and if for almost every
process the carbon elasticities will become and remain high for 7" periods for any 7',
the commons will collapse in the BAU equilibrium. Part 2 asserts that finite tipping
points exist if for almost every process the carbon elasticities remain low. In that
case, collapse is avoided if the stock starts out large enough. The proof is in the
Appendix.

Notice that the sufficient conditions for Part 1 are, in a sense, less restrictive than
those of Part 2. To guarantee at least the possibility of reaching a safe operating
space, the process cannot stay very long at any point in time in profiles with high
elasticities of extraction. By contrast, much less is required to guarantee a collapse.
The process needs to hit the high range of elasticities at some point in time, and
remain there for a while. This will be generally true of ergodic processes with full
support. Alternatively, this will also hold for super martingales.

The Theorem makes clear that while the proximate cause of tipping is the de-
pletion of the carbon stocks, the “deeper” parameters that drive the tipping and
collapse are technological: the factor elasticities that determine the mix of extracted
and stored carbon.

The Theorem’s logic is straightforward. Let £*(wy, 0y, b,n) denote the BAU equi-
librium aggregate extraction rate, expressed as a function of the relevant parameters.
First, as §; — 0 = (0,...,0), it happens that £*(wy,6;,b,n) — 0. This is intu-
itive since in the limit elasticities are uniformly zero and so countries do not care at
all about individual carbon extraction. In that case, the equilibrium law of motion
equals the law of motion without human consumption — the latter always has a finite
tipping point which will not be approached if the initial stock is large enough.

By contrast, observe that it is not true that £*(wy,6;,0,n) — 1 as 0y — 1 =
(1,...,1). That is, even when the eco-system is not valued at all, countries will not
fully extract the stock in equilibrium. This simply because their desire smooth inter-
temporal consumption leads to some degree of temporal rationing. This was, in fact,
first observed by Levhari and Mirman who analyzed precisely the case 6; = 1 (without
the bound b). Nevertheless, it is easy to show that £*(wy, 0;,b,n) — 1 as both 6, — 1
and n — oo. In other words, full extraction does occur in any commons problem
when the number of participants is large enough. Thus, when the stochastic process
on elasticities moves the global economy to this limiting case for a large enough period
of time, a global collapse occurs.
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One limitation of Theorem 1 is that it only deals with tail events, i.e., tipping
properties are only stated for elasticities close to 1 or close to 0. Whether the tail
events occur depends on the likelihood of collapse. Part 1, for instance, can be shown
to hold if the Markov process is stationary, ergodic, and has full support. Generally,
tipping is more likely in distributions that place increasing weight on higher elasticity
profiles.

To see this, start with the original Markov kernel F', then let F be another Markov
kernel associated with probability P on the same measurable space (>, F). The
distribution F will be said to dominate F (we write F > F) if for all ¢ and all 6,
and all nondecreasing functions w(#),

7 0 0 0
/ / W(lrs1) dF (0:116,) > / / w(lr1) dF(0141]6,)
01¢41=0 O t+1=0 01¢+1=0 O t+1=0

The definition above is a standard one for multivariate stochastic dominance, although
there are others.!” We use it to show that the likelihood of collapse is stochastically
increasing in carbon usage elasticities.

Theorem 2 Suppose that wy > b and F =p F. Then p(wo) > ji(wo) and w'™® > &b,
and these inequalities are strict if O < oco.

3.5 Tipping Points for International Agreements

It may be possible to avoid imminent collapse by having countries agree to implement
the globally optimal emissions plan. At this point, another sort of tipping point
becomes relevant: the threshold stock above which an optimal emissions plan can
forestall collapse. The main result of this section establishes that as long as the
initial carbon stock is not too low, it is always possible to construct an agreement to
forestall collapse.

The policy tipping point, denoted by wP®®, is the threshold below which economy
collapses under the welfare maximizing planner’s solution:

WP = sup{wp : the planner’s commons collapses at wp}.

Tipping point wP'® a point at which it is too late for the countries to avoid collapse
even if they sign on to an international agreement that implements the optimal extrac-
tion plan. Not surprisingly, one can verify that w?*® < w'?. The inequality, moreover,
is strict, if the policy tipping point is finite and if § > 0. This follows directly from

17See Zoli (2009) or Maasoumi and Yalonetzky (2013).
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the fact that £*(w, 0;;0) > £°(w, 0;;b) in any state pair (wy, 6;). The policy tipping
point thus provides the economy more breathing space to avoid collapse. This is espe-
cially important in the case of Part 1 in the Theorem — the parameters under which
collapse is certain in the business-as-usual equilibrium. In that case, a coordinated
international agreement is necessary.

Below, we prove that policy tipping points are always finite, and so it is always
possible to avoid collapse if the initial carbon stock is not too low.

Theorem 3 In any global commons, the policy tipping point wP™™ is finite.

As before, the proof is in the Appendix. The policy tipping point thus leads to a
more nuanced delineation of the state space as follows

collapse negotiation window uncertain collapse

b

wptip wtip

Notice, moreover, that for any stock w; with wP? < w, < w'P, the international
community has a stochastic but finite period of time to implement an optimal inter-
national agreement in order to avert a collapse.

4 Conclusion

This paper formulates a model of global carbon consumption that integrates strategic
incentives of countries into a dynamic model of nonlinear carbon emissions. Our focus
is specifically on the strategic interaction among the largest players — the countries
themselves. The objective is to understand the strategic incentives to restrict carbon
under “business-as-usual” (or “BAU” ). In particular, are outcomes under BAU
sustainable or is economic collapse inevitable? What determines the transition, if
any, from sustainability to collapse?

To evaluate these issues, the papers models a world in which a country’s GDP
depends on both its carbon usage and on the preservation of the global ecosystem.
Each country therefore faces a trade off between, on the one hand, extracting and
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emitting carbon, and on the other, maintaining a stock of stored or “unextracted”
carbon to preserve a healthy ecosystem. Countries naturally differ in how they evalu-
ate this trade off, and even the same country can make different trade offs at different
points in time, depending on economic shocks.

The results describe scenarios in which consumption and economic output may
collapse and shrink if the carbon stock sustaining the ecosystem falls below some
critical threshold — a tipping point. The results delineate between stocks the guar-
antee a safe operating space for humanity from carbon stocks in which tipping can
occur. In turn, stocks in which tipping can occur are delineated from those in which
tipping must occur. These distinctions are roughly consistent with certain planetary
boundaries as defined by Rockstrom et. al. (2009).

In an unsettling result, we show that if the there are sufficiently many participants
in the BAU and if output elasticity of extracted carbon is high enough for a long
enough time period, a tipping point will certainly be breached. Unfortunately, it
appears that the trend is toward both conditions coming true. A preliminary but
suggestive calibration of carbon elasticities shows a noticeable increase over the last
twenty-five years and, moreover, the ongoing devolution (i.e., the partitioning large
nations into ever smaller ones) has dramatically increased the number of nations
since World War II, each making separate carbon decisions. Our future work is
directed toward calibrating the tipping process explicitly given the time series on
global emissions.

The silver lining is that even in this case, there remains a small window in which
tipping may be averted if the countries can depart from BAU and sign on to an
effective international treaty to limit emissions.

5 Appendix

5.1 Derivation of the BAU equilibrium for Proposition 1
proof

Starting from the Euler equation,

Oir (1 —0ir) + 5[8E[Ui(wt+he’9it+l) b Owi i1

e (1—&) I =0

Owyi 1 Oey
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. awt+1

with = —Ayw] (1 —&)"'. Then the Euler equation is
it
O (1—04) OE[Us(wis1,€,05141)| 03] -
o = Ayo wl(1—&)7Y. 26
en  (1-&) 79 ER £( 1) ] (26)

Differentiating the value function U;(wi41,€,0;++1) with respect to w1

aE[Uj(WH—la eﬁz‘t+1) ‘91‘1:] 1 aE[Ui(Wt+2> eﬂit+2)‘ 9it+1]

= F + Ady

y-1 0l
Wi (1 —=E&41)7] 6
i ( t+1 it+1
Owii1 Wi+1 Owi 1o

Substituting this into the first order condition (26), we obtain

O (1 —0i)

€it (1 - 5t)

1 aE[Ui(th?eﬁin)‘ O; 111
= A0y FE +

wliy (1 - 5t+1)7’ O | wi(1—=&) "

Wi+1 Owy 4o
(1 — &) OE[Us(wir2, €,05142)| v y1] Y1 _ ey
_ Ay wy (1 —&) > Wl (1= 5t+1)7‘ Oi wl= &)
wt+1(1 - gt) 8wt+2 1-— (c:t

1 OEU;(wit2,€,0:142)| 0;141] - .
T o1- &Ady (1+E 0wy o wipy (1= 5t+1)7‘ Oie | w/ (1= &)

1 Oii1(1 =&
= oan (1em |t g yal).

1-& €it+1

Reorganizing terms, we obtain the Euler equation

9it+1<1 - StJrl)

€it+1

9”(1 - gt)

€it

~ (16 = Ady+ AR (E|( - (= tal] 6. @

Define 3, = %28 _ (1 —¢,). Then

it

8it = Ay + AdVE[Sir41| 0],
Forward iteration yields a steady state §;; = (1’_4%, and plugging in the last equation

we obtain a stationary solution to the Euler equation for country :
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0u(1— &) o
€Eit 1— A(S’}/

10,4 (1—A67)

Solving for e;; directly, if & # 1 and TG (AT # 0, we get:

1
Ady
7 (1= 0:) + 5o

e = (1 —&) for i =1,2...n.

Adding up these equations, the aggregate extraction rate is:

- 1
gt == Z(l—gt) Aoy

1
1 oy (L= 0i) + iy

1 1
— -&Y
Ad Ad
~ e (1= 00) + 55 (1= 0u) +

2 i1 —

(1 0”)"'9,5(1 A7)

“’\
-

Substituting this in the equation for e;;, we obtain the MPE extraction rate,

2 i1 —

(1= - 1
eir(0:) = 1- 1 1 A~d
1 + Z =1 1 (1 9]t)+0t(17:54’y6) e_zt (1 — elt) + Hit(l—Avé)
0:¢ (1— Av3) i
_ (JTJM)) B (25) (29)

(1—A~d) - n Pjt
1+ (Z] 11 ]tht(l A’y5)> 1+ (ijl 1*Zf>jt)

where ¢;; = 0;:(1 — Avy6). This we prove that ¢},(6;) is given by Equation (8).

Finally, as for the convexity of y; in 6;;, observe that

it Oit bjt (1=63¢)
: (25 2.5(=55,)
Yi (Wtaet) = W it 1— it
T+ (Zj:l 1_¢jt) 1+ (Z] 1__%)
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which can be expressed purely as a function of 6, as
Y (Wi, 0) = wy (Agz‘t)eit (1- Beit)(lieit)
where A and B are positive constants (implicitly functions of 6_;;). Then

Al
1— BO

B(1—6y;)
1— B

Dy; (wi, 0,) = y;(we, 0;) |log( )+ 11—

which has a unique critical point and is increasing in 6;;.

5.2 Derivation of Planner’s Solution for Proposition 2 proof

Starting from the Euler equation

% B n (1-— th) N i 5[8E[Uj<wt+1; eﬂjt+1) ejt] Owy 41 0
Gt 3 (1-&) = Owy i1 Oeg
with agtﬂ = —Ayw] (1 — &), then the Euler equation becomes
Cit
O~ (1 —0;) n OE[Uj(wit1,€,05e11)| 054] B
— =y ——= = Av0 J(1 =&)Y
et — (1 _ gt) Y ]Zl[ aWt+1 Wi ( gt) ] (30)

Differentiating the value function U;(wit1, €,0;,+1) with respect to wyyq yields,

aE[Uj<wt+17e>9jt+1) 9j ]
0wyt B
OE[Uj(wiga,€,0;142)| 5141] .
E + Ady Wi (1= E1)"] 05011
Wt+1 Owy 1o
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Substituting this into the first order condition, we obtain

0 = (1 —0;)

€it - (1 - gt)

Jj=1

As 8E[Uj(wt+2>ea‘9jt+2) 9jt+1] L€
a 72 W41 Owit2 th( ~Een)?

o (,dt ]-_gt
_ 1_5tA752{ +

- Wi+1
j=1 +

9] 01— gml}

OE[U;(wit2,€,0;112)| 6;141]
E Wi (1= &) | 50| W] (1= &)
aWzt+2
[OE[U; (wii2, €,0;142)| 05041]

1 J\Wt+2, ©5Vj5t+2 Jt+

- g nA67+A5fyZE s w1 (1= &) O
7=1
_ 1 - 0101(1 — E41) -
i (nAM—FAM;[E ( o ;(1 0;141))]| 03¢ |-
Reorganizing terms, we obtain

(1 — &) - 0;1:1(1 — Ep1) -
o —;(1—6ﬁ) = nAMJrAM;[E ( o —;(1—%“))] Oje | -

Define s;, = 2:U=8) _ 5™ (1 _§,). Then

€it j=1
sit(0i) = nAdy + A57E[Sit+1(9it+1)‘ O]

Forward iteration yields a steady state s; =
we obtain

(1 A 5 and plugging in the last equation

eit(l - 5t) - . nAdy
eir —2 (1) = (1= Ady)

j=1
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Then:
M—i(l—ﬂt) _ _nAy
‘ J

n

Ou(1— E)(1— Ady) —en Y (1—0;)(1 — Ayd) = eyAvyon

=1

0ir(1 — &)(1 — Ayd) — en(n — Zﬁjt)(l — Av0) = eyAvyon
J

Zejt(l —&)(1 = Ay6) — (1 = Av6)&(n — Zejt) —&Aydn = 0

J J
Zé’jt - n& - Z QJtA”}/(; =0
J J
Zj ijt

&g =

using Equations (32) and (33) we get

e2(0) = 21

n
thus verifying Equation (16) in the Propostion.

5.3 Proof of Proposition 3

Part 1. Global Over-extraction. We must show £°(0) > £°(#) for all 6.

i (1i¢gn) > i%
=1 1 + (Zn o ) =1 n

i=1 T-gy;
1+<21}11%>ZZ<1%) ] %Z%
DY R W R
”ZH%J > Yooy T
i gb” Z@t > il@-t

gbit = ¢it
;1—%) e s

i=1

(1— A7)

(32)

(33)

(34)



So it is enough to prove that this last inequality is true for each ¢ for whom ¢;; > 0.
Specifically, we verify

Gt Gt
(1 - ¢it> ~ (n - 2?21 <Z5z't)
(——) > 1
1 — ¢y (n— Z?:l Git)

n—Z@t > 1 — i

=1
n—1- dutl-du > 1—oa
J#
n—1-> ¢p > 0
J#i

but note that

n—l—Zgbﬁ > n—l—i@(l—vé)

i J#i
n—1-> ¢p > (n—1)(1—06(1—76)>0
Ji

= n—1—2¢jt>0-
J#i

Hence, at the global level there is over-extraction.

Part 2. Over- and Under-extraction by Individual Countries. To evaluate
whether a country over or under extracts in the BAU equilibrium, one need only
compare €5, to ef,. Country over (under) extracts if e, > (<)ef,. We therefore
compare:

9:1 (1—Ayd) :

o g = el =M0) _ b 2, (Coa iy (25
eit(et) = - = 7 > eit(et) = | ~ 51— A5) = . . o
+ (ijl I—Oﬁ(l—Ay(S)) + (Zj:l =

with, recall, ¢ = 6;(1 — A7d). Since ¢ > 0, country i over-extracts if
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1
(1—¢it)
n o
1 + (Zj:]_ l_gjt)

and solving for ¢;;, country ¢ will over (under) extract if

>

S|

n—1
Zﬁéi 1-¢j¢
By choosing 6 such that (1 — A7) equals the right hand side of (35), we have found
out threshold.

Notice, moreover, that the larger the profile of her opponents the (weakly) smaller
is the set of types for which is optimal to her over extract.!®

Part 3. Output paths. The final part must prove that relative output, carbon
consumption and carbon stock shrinks in the BAU relative to that of the efficient
plan.

We first compute the optimal carbon path by iterating on the optimal dynamic
law of motion in (17), and setting ¢, = 0;(1 — Advy) as before, one can display the

18Example: suppose a symmetric profile ¢_;, i.e. ¢; = ¢y for all k,j # i.

¢¢>1—L1¢_:17 ”_1¢ _@-1
J#i T (n—-1)15 ¢

(36)

Note that the extremei(highest) profile player ¢ can be facing is a profile of opponents with the
highest type, i.e. 0; =0 < 1 for all j # i. Then from equation 36

g 200~ A73) -1
0(1 — Av0)?

or
26— 1
PR

So if we require all 6; over extract, the condition is:

i >

20(1 — Ay6) — 1

h> =
7 (1 — Av6)2

This implies the following sufficient condition: if Advy > % all types 0; over extract.

36



time path of the carbon stock in the planner’s optimum as

et

W (w0 = wp A [J -0

Using (15) and (37), a country’s output path in the social planner’s problem is
given by

*t ¢it Pt qubjt (1=832) t 117t ! Zj¢jt—7- 7
w=(5) (=57 eI =)

=1

A particularly useful illustration of (37) is the case without shocks. In that case
0, = 0y = 6 and so (37) reduces to

y(1=+")
p— .

W (wy, 0") = wgt (1 - %) 1 AT (39)

in which case the output path simplifies to

( ¢

6, \ (1-6) N ==
yrt = (ﬂ> <1 Ll %) wl <1 2% %) AT (40)
n n n

These paths may be compared to the BAU equilibrium. Iterating on the equilib-
rium law of motion, one derives the time path of the carbon stock as

t

W 0) = oy AT [T &)

T=1

e t ) d)jtfr PYT
= cugtz‘llljV H <1 - 23(1—%;;3 ) :
L+ () 6,

(41)
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A country’s output path in the BAU equilibrium is given by

P G I N R v1C 7 B R
i (wo, 0°) = (14_(2‘_ Bt )) <1_1+(Z‘ Pt )) w™ (wo, 0")

J=1 1-d;¢ J 1-¢j
1—-0;¢)

i ( (%) )(1 X >(
1+ (0 12) L+ (2 5)

¢t . ¢jt77) 7
g AT T (- 2, (1“’5{;_* .
1+ 7=5)

=1 ] 1*¢j t—7

(42)

Comparing the BAU in (42) with the optimal output in (38). We see that v}, < ys,

iff
i Oit Pt (1=03) Djt_r o
( (75) ) (1 () ) . (1_ () )
1+<z] T v, L+ (3 725) i 1+ (%, 72=)
_ ()" (Lm0 “ﬁ Z@”
n n e
In order to evaluate the relative growth in output paths, we compare:

t T N W S P S
HG_HQ}@;J <H@__7_>

T=1 J1=¢jt—r T=1

which holds due to the fact that the aggregate extraction rate is larger (hence con-
servation rate is smaller) in the MPE. Moreover the relative difference

VD SR I >\
(= )/711(1_1“2%—“))

T=1 .7 1_¢j t—1

is increasing as time passes. Hence, both the expected ratio £ [z—%] and the expected
it
difference Ely;, — yj;] are increasing in t.

5.4 Generating Output Elasticities from the BAU Equilib-
rium

For each country and for a given period of time, output elasticities are calibrated in a
simple way. Recall that under BAU equilibrium carbon consumption is characterized
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by the stationary extraction rates:

Cig = Wr- €
=
1—oit
= W T
L+ Zz 1?27;1&
Which implies
¢it Cit Dit
= —(1+ 43
1 —ou wt( Zl—ﬁbit) ( )

i

Adding up the last equation over the set of countries we get:

Git . Cit Git
zi:l—ﬁbit B zi:w_t<1+2i:1—¢it)
Cy
(wr — Cy)

plugging in to equation 43 and solving for ¢;;, we get

Cit

Git = e

where C_;; = Y ¢t
J#
Finally the output elasticity for country ¢ in period t is given by

Cit

(1 —0y)(we —Cit)’

A simple observation of equation 44, shows that the calibration will assign higher
elasticities to countries with higher carbon consumption. Moreover, ceteris paribus,

bigger amount of stock of resource available at period ¢ (w;) implies lower the output
elasticities. 1
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5.5 Derivation of the BAU equilibrium in the Tipping Model

Starting from the Euler equation,

O (1 —0y) OE[Ui(wiy1,e,0it41)| Oi]

Owy 11
R ) 17 =0
e (1—&) ol Owi i1 dey ] forn e}
0 A
with g;l - _ i (;;ut_ Ak Then the Euler equation is
O (1 —0;) A5 OE[Ui(wiy1,€,0it41)| Oi] Wy (45)
€t (1 — 5,5) N i 8wt+1 (wt(l — 515) — b)l—'y ’

Differentiating the value function U;(wyy1,€,0;411) with respect to wyyq

OE[Uj(wig1,€,0i141)| Oit

Owy 1

aE[Ui(Wt+2, 679¢t+2) Wi+1, 0it+1]
FE

- &
+ Ad 17 ,0;
Wit 7 0wy o (Wig1(1 = Eyr) — b)1 {wir1,Eq1}| W Vit

Substituting this into the first order condition (45), we obtain
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O (1 —0;)

€t (]_ — gt)

OE[Ui(wit1,€,0i141) | O] W,
8wt+1 (u]t(]. — gt) — b)l—'y et
5 OEUi(wir1,€,0i141)| Oid] Wy T

p— w

,y (%)H_l (wt(l — gt) — b) bl {wt’gt}

aE[Ui<wt+27e79it+2) 9it+1] (1 — & )

= 5 FE + Ab as 00| x

i Wit 7 Owy 1o (Wi (1= &Ey) — D) 17

i Wt 1} 17
(wt(l — gt) — b) + {wt,E}
— 67{ L +F KQHH 1= 9it+1) (w1 (1= Eqq) = b)) X
Wil City1 1 — & Wiyl

(1—E&11)
(Wep1(1 = &) — D)1

Wi Oirer 11— 0it+1>
! { (wt(l B gt) - b) { |:(€it+1 1—-&1 ( H'l) {wt+1,Ee41}

Reorganizing terms, we obtain the Euler equation

* Wi *
Wt, 9”:| 1{wt+1,5t+1} (wt(l — 5) — b)wt+1} ]-{wt,gt}

We, 9“5:|:| 1?#&,&5}} .

0;:(1 =&
Oull=&) (g _
€it
wt(l - gt) 9it+1(1 - 5t+1) . . * ) *
o { (we(1 = &) —b) bk €it+1 (1=biera) 1{wt+l’£t+l} B 1{wt’gt}

(46)
which, after iteration, generates the forward solution in the paper.

5.6 Proofs of the Main Results

Proof of Proposition 5 . Let wy > wy > b. It suffices to show

P<{9°°: tgrgow*t(wo,ﬁt) < w”p}) < P({H"O: lim w* (@, 0") < wtip}>.

t—o00

In turn, this holds if
W wo, ") > w* (@, 0") VO Vit
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We proceed by induction. Fix wy > @y > b and observe that w*'(wp,8") =
A(w* 7w, 071 — C*(wp, 071))” and so we proceed by induction. Suppose, by
contradiction, that for ¢t =1,

wi‘ (WQ, 90) = A(WO — C*(UJO, 90))7 < A((IJO - C (CDQ, 90))7 = Oflk(@o, 90)
In particular, this implies
Wy — C*(wg, 90) < Wy — O*<(IJ07 90>
Notice, first, that it is not possible for wy — C* ;(wp, 0°) < g — C* (o, 8°) for all i.

If that were true, then ¢} (wp, 0°) < ¢} (wg, 0°) for all i, a contradiction of the fact that
C*(wp,0°) > C*(&p,0°) when ¢f is increasing in wy — C*(wp, 6°) and given w > @.

Hence, there is some country j for whom
wo — C* ;(wo, 0°) > @y — C* ;(wo, 0°) and c; (wo, 0°) > c; (o, 0°).
For this country j, payoffs in an arbitrary state wy and for an arbitrary choice c;
can be expressed as
Qit 10g Cj + (]_ - gzt) log(wo - C’fj(wo, 00) - Cj) + 5E[V(CUO - C’fj(wo, 90) - Cj)].

By strict concavity of this objective as a function of ¢;, ¢;(wo, #°) is optimal in state
wo only if

C;(Cdo, 90) - C;((Z)(), ‘90) S (WO - Oij(wm Q(])) - ((DO - Cij<a}0, 90))

Proceeding by induction, it can be established that for all ¢,
W wo, 0) > w (@, 0") VO Vit

We thus conclude the proof |

Proof of Theorem 1. Let £*(wy, 0, b, n) denote the equilibrium aggregate extraction
rate, expressed as a function of the relevant parameters.

Part 1. We first show that there is a stationary lower bound independent of wy,
namely, E£(6;,b,n) < E*(wy, 0;,b,n) YV wyt with the property that for 6, € (1 — €, 1]"
and € small enough and n large enough, we have

we > Wiy (Wi, 0i50) Vowy .
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To find a stationary lower bound, observe that 1?%,&} = 0 for all w; such that
A(w(1 — &) — b)Y < b or equivalently, w; < 1%& (b+ (£)Y7) = K. Moreover, K is
the upper bound on stocks for which 17, e, = 0. Hence, the marginal future cost of
extraction, G*(wy, 0y, b) is bounded above by its stationary limit when w approaches

K from the right, so that ey =1 Stated precisely:

i Wt S K, G*(wt,ﬁt,b) S ll\IJIIl(G*(w,Qt76>

The Euler equation (19) in this limit is

KU () %l =8

0i:(1 — &) B
- (1 - ezt) - 57K(1 — gt) b eir

€it

—(1- eit)> . @)

By construction, (47) is the limiting Euler equation to which £(6;,b,n) is a solution.

Taking 0; — 1, it follows that e; = £/n and the Euler equation becomes

n(l— &) K(1—§&) n(l— &)
e " UKa-g-b (“T)

which can be expressed as

1-¢ WK(1-E)
n = :
£ (1—-07)K(1—-&)—b
Using the fact that K = = (b+ (£)"/7), the Euler equation becomes
1-— 5y (b+ (2
ni= & (b (Ab) ) : (48)
E T U=+ (&) —b

Since, by construction £(1,b,n) satisfies (48), it is easy to see that

lim £(1,b,n) = 1.
n—oo
Next we show that for € small enough and n large enough,

we > wyyq(we, 0i50) Yw, Vo e(l—el]" (49)

The inequality (49) may be rewritten as

<(1 —5*((,01,5,915,(), n)) [(%)1/7—#5] —wt) > 0 V w. (50)
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To verify that (50) holds, we show that

w

2 = min (g (0 1] —0) > 0 1)

where &,(6;;b,n) is, recall, a stationary lower bound of E*(wy, 6y, b, n).

The first order condition for P is
(Y(1 = £(0,;b,n) AV T —1 =0,

Solving for w, we obtain w™ = (y(1 — £(6;; b, n)))ﬁAﬁ Substituting w™ back into
the problem we obtain,

1 wmlfy m
E = Ql—a@mnnkﬁﬁ/*”l_“)
_ ( 1 »PWH—Q%@MW”*”WLM

(1 —E(0;0,n A

— (v(1 = E(64; D, nmlmlu>

b 5 1 5 1
= ———— — (1 =£&(0sb T3 AT (yT7 — T ).
ray (1 Elsbn) (v75 —77)

Hence, (50) holds if

b o 1 1
P=—u—— — (1-£&(6;0, ﬁAﬁ(ﬁ— ﬁ) 0 52
holds. But (52) clearly holds in the limit as , - 1 = (1,...,1) and n — oo since
E(0;;0,n) — 1 in that case.

Since the argument is strict, it holds for sufficiently large n and 6, sufficiently close
to one. Thus, for any fixed profile if 6,, there is a finite time length 7'(6;) such that
w*(wp, 0") — b in at most T'(6;) iterations. Let

T = max T(6,).

[PAS [1—6,1}

Thus T is a time length (dependent on wy) such that if (49) holds for all 6; € (1—¢, 1]™
then w*(wp, #") — b in at most T iterations.
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Observe that (24) implies for any finite 7' > 0, that for a.e. 0,

Pr<9t+5€(1—e,1]”, s:l,...,T’ Ht)

T
_ / .. / H dF(9t+5|0t+s—1) (53)
Ory1€(1—€,1]m Orrr€(l—el1]™ o1

> T

It follows that for almost every process {6,}, there is a date ¢ (infinitely many dates
actually) such that (49) holds for realized values 6;,0;.1,...,0,1 7, in which case
W (wy, 07T) = b. Consequently, the economy collapses at wy, concluding the proof
of Part 1.

Part 2. The proof here largely reverse engineers some of the logic of part 1. In
particular, we now find a stationary upper bound &£(6;,b,n) > E*(wy,0;,b,n) YV wy
with the property that for 6, € (0, €]™ and e small enough, we have

wr < wiyq(we, 0;0)  on a nonnull set of stocks w. (54)

Notice that (54) is just the negation of (50).

The simplest upper bound is the extraction rate when each country its static, one
shot optimal rate. Namely, we have as our upper bound,

-1
= B Ot O;s
E0nbn) = :1_0“ <1+§ :1—9it>

% %

Now using an analogous argument to that of the steps from Equations (51) to
(52), the Inequality in (54) above holds if

P = min <(1—?((19t;b,n)) [(%)1”+b] —w) <0 (55)

The first order condition for P is
(Y(1 — E(0,:b,n)) AV w5 —1=0.
Solving for w, we obtain w® = (y(1 — &(6;; b, n)))ﬁAﬁ Substituting w® back into
the problem we obtain,
— b —

P=——  (1-EB:bn) T AT (4T — 4T )
TEaa - L Eesbm) (v =~77)
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Hence, (54) holds if

Y b - 9 1 ol 1
P=—————(1=-E6;bn)™ AT (yT=7 —yT= < 0 56
TEaa ~ LS (v77 —75) (56)

But (56) is easily observed to hold in the limit as 6, — 0 = (0, ...,0) since

—1
= _ Ot Ot
5(9t,b,n) = z@:l_en (1‘}‘2:1_91]5) — O as Qt—>0

in the limit. Since the inequality is strict, (56) holds for 6, € [0, €] if € is nonzero but
sufficiently small. This concludes the proof of Part 2. 1

Proof of Theorem 2 . Let 6, > 0~t. Then by the definition of dominance, it suffices
to show 5
w*H(wp, 0") < w ' wo,0") YV wy (57)

We now proceed to verify (57). We first show C*(wy,6;) > C*(wy,6,), in which
case (57) holds by an induction argument.

Using the derivation in Appendix 5.5, the Euler equation for ¢ can be expressed

as
Hit(wg - Ct) o
R
wy — Cy 9z‘t+1(w0 - Ct+1) )
Ny ————~ |1+ F —(1-6; 1%
! { (we = Cy = b) [ {( Cit+1 ( 1) (w1, Crra}

(58)

From (58), it is clear that ¢, is increasing in 6;, and since 6_;; enters ¢}, only
through its effect on C*,,, it follows from the Envelope Theorem that C;(6;) is in-
creasing in 6;.

The ordering of tipping points follows from the fact that

P<{9°°: lim w* (e, 0) — b}) - P({GOO: lim w* (wp, 0) < w“’p}) ¥ wo

t—o00 t—o00

and from Proposition 5.

P({Qm: lim w**(wp, 0") < wtip}> < P({HOO: lim w* (@, 0") < wtip}>

t—o00 t—o00
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Proof of Theorem 3 . It suffices to show that the planner’s solution admits a finite
tipping in the worst case: ¢, = 1. In an economy restricted to #, = 1, the policy
tipping point is defined by the unstable fixed point solution to w; = w°(wy, 1;b) or

(e [+ ) = (59)

In fact, a finite tipping point exists if we can show that (59) has any solution, stable
or unstable. From the planner’s solution in (22), it follows that

1
1+ GO(Wt, 1, b) .

E%(wy, 1;0) =

Notice that this expression does not vary in n. Equation (59) then becomes

H(w,b) = (1g?wiwilb)b> [(%)WHJ] —wt> =0 (60)

To verify that this equation has a solution, observe that G°(w;, 1;0) — 0 as w; — 0
while G°(wy, 1;b) — G°(wy, 1;0) = lffﬁh as wy — 00. These limits imply H (wy, b) —
o0 as w — 0 and H(w;,b) — H(w,0) < wy as wy — 0o. The Intermediate Value
Theorem immediately implies the existence of a solution to (60). Consequently, a

finite policy tipping point exists, concluding the proof of the second theorem. |
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